Abstract. In this paper we will define the tight integral closure of a finite set of ideals of a ring relative to a module and we will study some related results.
Introduction
Throughout this paper all rings are commutative Noetherin with nonzero identity. When we refer to characteristic p for a ring, we mean that p is a positive prime integer. Further N will denote the set of natural integers. It is appropriate for us to begin by briefly summarizing some of main aspects.
Let I be an ideal of a ring R. We recall that an element x ∈ R is said to be integrally dependent on I if there exists a positive integer n and elements a 1 , a 2 , ..., a n ∈ R such that a i ∈ I i for every 1 ≤ i ≤ n and x n + a 1 x n−1 + a 2 x n−2 + ... + a n = 0.
We know
is integraly dependent on I}
is an ideal. The ideal I − is called the integral closure of I. Let M be an R−module. The dual notion of integral closure of ideals relative to modules was introduced in [1] .
An element x of R is said to be integrally dependent on I relative to M if there exists a positive integer n such that
From [1] , [3] , and [8] we know that I * (M ) = {x ∈ R : x is integrally dependent on I relative to M } is an ideal of R.
In the remainder of this paper, R is a (commutative Noetherian) ring with characteristic p and R • will denote the subset of R consisting of all elements which are not contained in any minimal prime ideal of R. We will write the letter q for a power p e of p. Let I be an ideal of R. For a power q of p, we denote by I [q] the ideal generated by the qth powers of elements of I. In fact, if I = (a 1 , a 2 , ..., a n ), then
For any ideals I and J of R we have
The main idea of tight closure of an ideal in a commutative Noetherian ring (with a positive prime characteristic) was introduced by Hochster and Huneke in [5] . By using this idea, they could prove a Briançon-Skoda-type theorem via tight integral closure. An element x of R is said to be in tight closure, I * , of I, if there exists an element c ∈ R • such that
The tight closure of an ideal relative to modules was introduced in [2] . Let M be an R−module. An element x of R is said to be tight dependent on I relative to M if there exists an element c ∈ R • such that
It has been proved that
is an ideal of R (see [2] Also by using the tight integral closure of a finite set of ideals, Hochster proved a Briançon-Skoda-type theorem.
In this paper we will introduce the dual notion of the tight integral closure of a set of ideals relative to modules. We will prove some properties of this concept which reflect some results of the tight integral closure of a set of ideals in the classical situation.
Auxiliary Results
We recall that in all the discussions R is a commutative Noetherin ring with characteristic p. In this section, we introduce the tight integral closure of a set of ideals relative to a module and we prove some basic related results. In above definition, we note that the powers occurring are ordinary powers of the ideals, not bracket powers. Similarly [6] , we use the nota-
.., J m } be finite sets of ideals of R and let M be an R−module. Further assume that S is a multiplicatively closed subset of R and P ∈ Spec(R). Then we accept the following notations.
.., I n } be a finite set of ideals of R and let M be an R−module. Let S be a multiplicatively closed subset of R. Let
By using a similar method which is used in [5, 4. 14], without losing generality, we can assume that c ∈ R • .
Lemma 2.4. Let M be an R−module and let
Proof. 
is finitely generated, we can choose c ∈ R • such that
Let M be a Noetherian R−module and I be an ideal of R. In [9] , it is shown that the set of all x ∈ R such that for any x, there exists n ∈ N such that 
Proof. Let x ∈ I −(M ) . We know from [9, 1.6] that
Then there exists y ∈ I − such that x − y ∈ (0 : R M ). Now by [10, 6.8 .12], we can choose an element c ∈ R • such that cy n ∈ I n for all large n. This shows that
The following theorem shows some basic properties of tight integral closure of a set of ideals relative to a module. for every 1 ≤ t ≤ n, and so
(b) If I is the union of several finite set of ideals I 1 , I 2 , ..., I r , then
(c) Let S be a multiplicatively closed subset of R. Then
. By Lemma 2.5, there exists c ∈ R • such that 
Now (a) is completed by Lemma 2.4(d).
(c) This is clear.
Let h : R → R be a homomorphism of a ring R into a ring R . For every ideal I of R, I e will denote the extension of I to R . Also for every ideal J of R , J c will denote the contraction of J to R. 
Proposition 2.7. Let R be another (commutative Noetherian) ring of prime characteristic p and let h : R → R be a ring homomorphism such that h(R
• ) ⊆ (R ) • . Let I = {I 1 , I 2 ,
b) If h is an epimorphism such that h(R
This shows that
.., I n e } * [M ] and this implies that (a).
(
Now we can see that Proof. This can be easily proved similarly to [4, 3.2] .
Lemma 2.11. R is F −coregular relative to M if and only if for every prime ideal P of R, R P is Weakly F −coregular relative to M P .
Proof. This can be easily proved similarly to [4, 3.3] .
Main Results
Theorem 3.1. Let I be a finite set of ideals and let M be a Noetherian R−module. Let S be a multiplicatively closed subset of R. Then
Proof. Since M is a Noetherian R−module, there exists q 1 such that
for every q ≥ q 2 . By Remark 2.3, we can assume that c ∈ R • . If we set q = M ax{q 1 , q 2 }, then we can choose λ ∈ S such that
for every q ≥ q . Hence
). This shows that
). Now the proof is completed by Theorem 2.6(c). Let n ≥ m and let P ∈ Ass R (I n
Noetherian ring, xΣI is a finitely generated ideal.
Now from 2.4(e), we have
Hence there exists 1 ≤ t ≤ k such that P = ((ΣI) n+1 ) : u t ) where
). This shows that for n ≥ m, the sequence of sets
is increasing. Now the results follows from the fact that for large n, . A subset T of Ass(R) has reduced property if for every P ∈ T , there exists an element x ∈ R such that P = Ann(x) and x 2 = 0. The following theorem can be proved by a similar technique employed in [5, 5.4] . 
and in particular
in each of the following cases:
and Ass R (M ) has reduced property.
Proof. Suppose ΣI is generated by u 1 , u 2 , ..., u n . If for all h ∈ N. Just as proved in [5, 5.4 Proof. This follows from Theorem 3.6.
